In this paper, we are concerned with a nonlinear p-Laplace equation with critical Sobolev-Hardy exponents and Robin boundary conditions. Through a compactness analysis of the functional corresponding to the problem, we obtain the existence of positive solutions for this problem under different assumptions.
Introduction
We are concerned with the following class of boundary value problems: More precisely, we shall represent any diverging Palais-Smale sequence as the sum of critical points of a family of limiting functionals, which are invariant under scaling. In our problem, due to the Hardy potential, critical Sobolev-Hardy terms, there are some critical points of a new family of limiting functionals. As a by-product, we shall find the smallest level where the Palais-Smale condition may fail. Thus we shall be able to determine safe sublevels where standard critical point theorems can be applied. The second purpose of this paper is to obtain the existence of critical points for the variational functional of (.) under different conditions by applying the previous compactness analysis.
To mention our main results, it is convenient to introduce some notations.
Firstly, we denote by F μ the functional associated to (.):
We denote by λ  the smallest positive eigenvalue such that the following problem has a positive solution:
i.e.,
From Lemma A. in the Appendix, λ  can be attained. If μ ≤ , obviously λ  > . If μ ∈ (,μ), by Lemma A. in the Appendix of this paper, we have
for λ > -λ  , we define the following norm:
Then, by Lemma A. in the Appendix of this paper, · is equivalent to the usual norm · W ,p ( ) .
Secondly, we denote R n + := {y = (y  , y  , . . . , y n- , y n ) := (y , y n ) ∈ R n | y n > } with boundary
is the completion of C ∞  ( ) with respect to the norm Finally we give the definition of the Palais-Smale sequence as follows: let X be a Banach space, φ ∈ C  (X, R) and c ∈ R. The sequence u m ∈ X is called a Palais-Smale sequence of
, which plays an important role in our argument. In particular we denote S = S , and S μ = S μ, .
In order to establish the global compactness result for problem (.), it is also convenient to introduce the problems at infinity corresponding to (.) as follows.
In fact, through scaling and transforming technique, and taking the limit, the Palais-Smale sequence of (.) can be represent by the solutions of problems (.)-(.) (refer to Theorem .). All positive solutions of (.) are the well-known (n + )-parameter family of
where
for some appropriate constant c(n) > . These solutions are also known to minimize the Sobolev quotient S, as was shown by Aubin [] . Since U  (x) is radical symmetric, then
which means that U  (x) is also the solution of (.). For  < μ <μ and p > s ≥ , Kang in [] showed the existence of the positive solutions of (.), and the form of the solutions
where r = |x|, c  and c  are constants depended on p, n. a(μ) and b(μ) are solutions of
are also the solutions of (.).
For convenience, we also define the following quantities which will represent the amount of the functional F μ (u) carried over by blowing-up bubbles:
In order to unify the notations, we shall refer to the solutions of problems (.)-(.) as critical points of the following family of functionals:
We shall prove that any diverging Palais-Smale sequence corresponding to (.) can be represented as sums of scaled critical points of the functionals
by exploiting suitable blow-up arguments. The first result of this paper is the following global compactness theorem.
where ω m →  in W ,p ( ) as m → +∞, and
be decomposed as the following:
• for the case that  ∈ ∂ , as m → +∞,
• for the case that  ∈ , as m → +∞,
where for j = , . . . , k  , U j is a solution of (.);
Corollary . Any positive Palais-Smale sequence for F μ (u) at a level d which is not of the form k
 D μ + k  D  +   k  D  if  ∈ and the form k   D μ + k  D  +   k  D  if  ∈ ∂ for k  , k  , k  ∈ N ∪ {},
gives rise to a nontrivial weak solution of equation (.).
By applying Theorem . and the mountain pass theorem [], we can obtain the following existence theorems by proving that F μ (u) satisfies the geometrical assumptions of the mountain pass theorem and that the mountain pass level is actually below the compactness threshold quoted in Theorem ..
Furthermore, μ * can be calculated by solving S n p = S n p μ .
Remark . For the case that  ∈ ∂ , we cannot obtain the existence of the solutions of problem (.) since we do not know the explicit form of the attaining functions of S μ,s .
This paper is organized as follows. In Section , we prove Theorem . by carefully analyzing the features of a Palais-Smale sequence for F μ (u). In Section , we apply Theorem . and the mountain pass theorem [] to obtain the existence of critical points for F μ (u) under different assumptions on the parameters μ, λ and the fact that  ∈ . Finally, we put some preliminaries in the last section as an appendix.
Proof of Theorem 1.1
In this section, the features of a Palais-Smale sequence for F μ (u) will be analyzed by the blow-up technique adopted by Struwe [] for the Dirichlet problem. To this end, we need the following lemma. 
is a Palais-Smale sequence for
• if  ∈ ∂ , there exists a positive sequence k m such that, up to a subsequence,
is a Palais-Smale sequence for 
• if  ∈ ∂ , there exists a positive sequence k m such that, up to a subsequence, Case :
p ( ) and v  is the solution of (.).
Proof We only prove the case when  ≤ μ <μ since the proof of the case when μ <  is similar. By Lemma A. in the Appendix, we deduce that there are positive constants c i (i = , ) such that
From (.), let δ >  be small (will be determined later) such that
Fix m, by the integral absolute continuity, ∀ε > , there exists a constant a >  for any set E ⊂ and the measure m(E) < a, then
Up to a subsequence, we can choose minimal
We denote by E : W ,p ( ) → W ,p (R n ) the extension operator such that 
Up to a subsequence, there exists
In this case we claim that v  satisfies (.) and the sequence 
as m → +∞.
And since k m → +∞ as m → +∞, then
(.)
Therefore we have 
. By Lemma A. in the Appendix and the invariance of dilation, we have for large m
Choose δ suitably small, from (.) and the fact that  ≤ μ < (n-p) p p p , we can find a ∈ (, ) such that
Thus we have For p > s > , we can deduce that Case (II) cannot happen. In fact, if  ∈ , from (.) and  < p < p 
a.e.
where c is a positive constant. Then we have
which contradicts (.). If  ∈ ∂ , similarly as (.), (.), we have
then we obtain (.). Thus 
where  < δ  < δ, L denotes the least number of balls with radius  in R n that are needed to cover a ball of radius .
Note that there exists a constant b >  such that r m ≥ b. Set
to a subsequence,
We are going to prove that the convergence actually holds in the strong W
, then without loss of generality we can as-
satisfies the following conditions: 
By scale invariance and the fact that {z m } is a Palais-Smale sequence for F μ (u), it follows that
Therefore, from the definitions of F μ,m , ϕ m and (.), we have
Moreover, by scale invariance and
Let us cover B(x  , ρ) with L balls of radius one, from (.) then |v ε |
